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Abstract. We study the hypersymplectic spaces obtained as quo- 
tients of flat hypersymplectic space M. 4d by the action of a compact 
Abelian group. These 4n-dimensional quotients carry a multi- 
Hamilitonian action of an ro-torus. The image of the hypersym- 
plectic moment map for this torus action may be described by a 
configuration of solid cones in M 3 ™. We give precise conditions 
for smoothness and non-degeneracy of such quotients and show 
how some properties of the quotient geometry and topology are 
constrained by the combinatorics of the cone configurations. Ex- 
amples are studied, including non-trivial structures on R 4 " and 
metrics on complements of hypersurfaces in compact manifolds. 



2000 Mathematics Subject Classification. Primary 53C25; Secondary 53D20, 
53C55, 57S15. 

Key words and phrases. Hypersymplectic structure, neutral hyperKahler mani- 
fold, toric variety, moment map. 

1 



2 ANDREW DANCER AND ANDREW SWANN 



Contents 



1. Introduction 


3 


2. The flat hvDersvmnlectic structure! 


5 


3. Moment maps 


5 


4. Non-deeeneracv of the Quotient geometry 


7 


5. Toric eeometrv of the quotient 


10 


6. Involutions! 


18 


7. Examples! 


19 


7.1. The diagonal circle action 


19 


7.2. Codimension-one subgrouns! 


21 


7.3. Another circle action 


25 


References! 


26 



TORIC HYPERSYMPLECTIC QUOTIENTS 



3 



1. Introduction 



An important construction in symplectic geometry is the symplectic 
quotient of Marsden and Weinstein. Given a symplectic action of a Lie 
group G on a symplectic manifold M, this produces, under fairly mild 
hypotheses, a new symplectic manifold of dimension dimM — 2 dimG. 

One particularly nice class of symplectic examples is that of toric va- 
rieties. Delzant |De] and Guillemin |Ouj . have shown that a large class 
of toric varieties may be produced as symplectic quotients of C d with 
its flat Kahler structure by a subtorus N of T d . Their work also shows 
that the symplectic and Kahler geometry of these 2n-dimensional ex- 
amples is determined by concrete descriptions of the moment polytope 
as an intersection of closed half-spaces in IR n . 

In the present paper we shall investigate an analogous construction 
in a situation where there are multiple symplectic structures, namely 
for hypersymplectic manifolds. We consider the geometries arising 
from a hypersymplectic quotient construction for compact Abelian sub- 
groups N of T d acting on C d,d = C d x C . We determine conditions 
for the quotients to be smooth manifolds and to admit non-degenerate 
geometric structures in two ways: firstly by direct considerations, and 
then by using the (hypersymplectic) moment map for the action of a 
torus on the quotient. The closed half-spaces of Delzant and Guillemin 
are now replaced by solid cones in R 3n and we demonstrate how prop- 
erties of the quotient may be deduced from particular descriptions of 
such cone configurations. 

Hypersymplectic structures were defined in a paper of Hitchin [HJ 
and have appeared in recent works such as [Hu1 IKal IFPPW[ lADj . One 
has an indefinite Kahler metric g of signature (2n, 2n), together with 
a covariant constant endomorphism S of the tangent bundle, such that 
S 2 equals the identity, S anti-commutes with the complex structure /, 
and g(SX, SY) = —g(X, Y). Now /, S and T = IS generate an action 
of the Lie algebra st(2,M) on each tangent space. Moreover, I,S,T, 
together with the metric g, define three symplectic forms by 



hence the name "hypersymplectic". Every hypersymplectic manifold is 
neutral Calabi-Yau, that is, Ricci-flat Kahler with signature (2n, 2n). 
Hypersymplectic manifolds are split-quaternion analogues of hyperkah- 
ler manifolds and are sometimes referred to as "neutral hyperkahler 
manifolds". 



cj I (X,Y)=g(X,IY), 
MX,Y) 



u s (X,Y) = g(X,SY) 
9(X,TY), 
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Hitchin described a quotient construction for hypersymplectic mani- 
folds in [H], analogous to the hyperkahler quotient of [HKLRj . If G acts 
preserving a hypersymplectic structure, then under mild conditions, we 
have, for each X G g, a moment map /i x taking values in R 3 . This 
map satisfies the defining equation 

dfx x (Y) = (uj{X,Y),u s {X,Y),ut{X,Y)), (1.1) 

where we identify X with the vector field it induces via the group 
action. Of course, equation 1)1. lj) only gives n x up to an additive 
constant; these constants are partially restricted by the additional as- 
sumption that the maps \i x combine to define a G-equivariant map \x 
taking values in g* Cg>IR 3 . If G is Abelian, then any choice of fi x gives an 
equivariant map. The hypersymplectic quotient is now defined to be 
/i _1 (0)/C When \i has maximal rank and the action of G is free, the 
quotient has dimension 4 dim G less than the original hypersymplectic 
manifold. It inherits closed two-forms from Ui, us and ujt and one ex- 
pects these to define a hypersymplectic structure; however degeneracies 
may occur on a certain locus in the quotient. 

In this paper we shall concentrate on hypersymplectic quotients of 
flat space C d,d by compact Abelian groups, although we prove some 
general results controlling smoothness and non-degeneracy of arbitrary 
hypersymplectic quotients. In some ways, the picture is intermediate 
between that of Kahler quotients and of hyperkahler quotients as stud- 
ied in |BD| . In the hyperkahler case the quotients are necessarily non- 
compact, whereas in the Kahler case many quotients are compact. For 
the hypersymplectic situation, we show how to produce non-compact 
non-singular structures on M 4n that are not flat. It is also easy to 
produce compact quotient sets and with a little more work smooth ex- 
amples may be found, but on the other hand these always have singu- 
larities of the hypersymplectic structure. We show that these compact 
quotients produce non-degenerate structures on hypersurface comple- 
ments in real analytic subvarieties of compact toric varieties. All the 
quotients we produce carry a natural involution. We discuss in detail 
some particular examples, such as the hypersymplectic analogues of the 
Calabi and Gibbons-Hawking multi-instanton spaces, and all examples 
obtainable as quotients of C 2,2 by a one-dimensional group. 

Acknowledgements. Both authors are members of the Edge, Research 
Training Network HPRN-CT-2000-00101, supported by The European 
Human Potential Programme. 
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2. The flat hypersymplectic structure 

Our examples will be hypersymplectic quotients of the following flat 
hypersymplectic structure. Let C d ' d be C d x C d with the complex 
structure 

I(z, w) = (zi, — wi), 
where i = J — 1, and with the indefinite Kahler metric 



a 

g = Re (^Z dz k dzk - dw k dw^j . 



k=i 



Note that / is not the standard complex structure I on this space, 
which is instead defined by J : (z, w) i— > (zi, wi). To distinguish / from 
Jo, we shall refer to this space with complex structure Iq as C 2d . 
If we define S(z,w) = (w,z), then 

IS(z, w) = I(w, z) = (wi, —zi), 
SI(z, w) = S(zi, —wi) = (—wi, zi), 

so IS = -SI. We define T = IS, so that 

I 2 = -I, S 2 = T 2 = 1, IS = T = -SI. 

We have the following symplectic forms: 

1 d 

OJl = -7 ^ ( dZk A + dWk A ^ fc ) ' 

k=i 
i d 

fc=i 
1 d 

u; T = — ^2 ( dz k A <^fc + dw k A rf2 fc ) . 
fc=i 

Note that cos + i^T = Ylt=i dzk A dwk, which is a holomorphic (2, 0)- 
form with respect to /, but is of type (1, 1) for I . 

3. Moment maps 
The torus T d acts on C d ' d by 

(z k ,w k ) i — ► (e iek z k ,e iek w k ). 
This action commutes with / and S and hence with T, and preserves g. 
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The moment maps from equation (ll.ljl are 

d 

(z,w) i — > ^2 U\ Zk \ 2 + \ w k\ 2 )ek + ci, 

k=l 

d 

/i S + i/i T : {z, w) i — > 2J iz k w k e k + c 2 + ic 3 , 

k=l 

where d[if(Y) = uii(X, Y), etc., ei, . . . , are the standard basis vec- 
tors for M d , and £1, c 2 , c 3 are arbitrary constant vectors in R d . 

The form of this differs from the hyperkahler moment map |BD| for 
the T action on M , in that we have + \w k \ rather than — \w k \ in 
the formula for ///. We also recall, for comparison, that the Kahler 
moment map for the action of T d on C d is ji: z 1— > ^2 k=1 \ \z^\ e k + c. 

As in |Gu[ [BDj one considers a compact Abelian subgroup N of T d 
with Lie algebra n. We shall take n to be the kernel of a surjective 
linear map (5 : M, d — > M n given by 

(3: e k 1 — > u k , 

with Ui 6 Z". In particular, W 1 is spanned by u%, . . . , Ud- Then we have 
an exact sequence 

— >n^M d ^M n — >0 (3.1) 

and N is defined to be the kernel of the map exp o/3 o exp -1 : T d — > 
T n . (The requirement that Ui be integral exactly guarantees that this 
composition is well-defined.) For a given N, the map (3 is unique up 
to composition with an element of Aut(Z n ), or in matrix terms up to 
multiplication by an element of GL(n, Z) = {A £ M„(Z) : detA 7^ 
and A- 1 £ M n (Z)}. 

We let (■, ■) denote the standard inner product with respect to which 
ei, . . . ,ed are orthonormal. For each choice of scalars Ai, . . . , A^, the 
set of vectors {ui, . . . ,Ud} defines a convex polyhedron in M. n by the 
equations 

(s,Uk) > Afc, for k = 1, ...,d. (3.2) 
In general, this polyhedron may be non-compact. 
There is an exact sequence dual to (13.1 J) 

— , W l * M d * -i-> n* — >0. 
We shall identify R d * with R d using (-,•). Now (3* is given by 

d 

(3*{a) = ^2 ( a ' u k) e k (3.3) 
fc=i 
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and the moment map for iV becomes 

d 

nr. (z,w) i — > |(kfc| 2 + kfc| 2 )«fc + ci, 

fe=l 

d 

Us + i/xr : 1 — » ^ iz k w k a k + c 2 + ic 3 , 

fc=i 

where a k = L*e k . We write Cj = J2k=i ^k ak ^ or some scalars 
A point (z,w) lies in //J^O) if and only if 

d 

^(E(KI^| 2 + Ki 2 )+4 1} )^) =0. (3.4) 
fc=i 

However kert* = im/3*, so using equation (|3.3|) . we see that (|3.4j) is 
equivalent to the existence of a G M n such that 

(a,u k ) = l(\z k \ 2 + \w k \ 2 ) + for = 1, . . . ,d. (3.5) 

Similarly, (z,w) G (/is + i/ i T)~ 1 (0) if and only if 

(b, u k ) = iz k w k + X k 2 ^ + i\f\ for k — 1, . . . , (3.6) 

for some 6 G C n . 

Equations ()3.5|) and 1)3. 6j) give a description of the level set /z _1 (0). 
The hypersymplectic quotient M of C d ' d by A is defined to be 

M = fr\0)/N. 

This is a Hausdorff topological space; as we will see it may or may not 
be a smooth manifold. 

4. NON-DEGENERACY OF THE QUOTIENT GEOMETRY 

In this section we shall consider when hypersymplectic quotients are 
smooth, and at which points the hypersymplectic structure on the quo- 
tient can degenerate. We will begin with the general case and then 
specialise to torus quotients of flat space. 

Let us consider an action of a Lie group G on a manifold of di- 
mension Ad preserving a hypersymplectic structure and admitting a G- 
equivariant moment map \i: M — > q* ®M 3 . Thus, for each element X 
of 0, the associated component n x of \x satisfies (jl.lj) . Write Q for the 
distribution on M generated by tangent vectors to the group action. 

Definition 4.1. The action satisfies condition (F) if G acts properly 
and freely on /i _1 (0). 
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Definition 4.2. The action satisfies condition (S) if at each point 
p G /i _1 (0) there is no non-zero solution to the equation 

(IXi + SX 2 + TX 3 ) P = 0, (4.1) 

with X u X 2 ,X 3 e 0. 

Theorem 4.3. If the G-action satisfies conditions (F) and (S), then 
the hyper symplectic quotient fi~ 1 (0)/G is smooth. 

Proof. It is sufficient, by (F), to show that /i _1 (0) is a smooth manifold. 
By the kernel ker d\i is just the orthogonal complement with 

respect to g of the space U spanned by IQ, SQ and TQ. 
As g is non-degenerate we have 

rank dpL = Ad — dim ker d\i = Ad — dim U ± = dim U. 

Condition (S) implies that dimU is 3dim(/, which is 3dimG by (F). 
We deduce that d\x has maximal rank and the result follows. □ 

Remark 4.4. As the moment map /i is equivariant, Q lies in ker<i/z 
on /i _1 (0). This implies that Q is orthogonal to IQ, SQ and TQ. It 
follows that these spaces are mutually orthogonal. 

In the hyperkahler case, where g is positive definite, this of course 
means that condition (S) and the conclusion of the theorem follow 
automatically from the freeness of the action of G, as in [HKLRJ. 

It is proved in [Hj that the kernels of the symplectic forms on yU _1 (0) 
are given by 

ker i*^ = Q + S(QC] Q x ) + T(Q n Q x ) (4.2) 
and cyclically, where i: /i _1 (0) — > M is inclusion. 
Definition 4.5. The action satisfies condition (D) if QflQ 1 - — {0} on 

Theorem 4.6. If the G-action satisfies conditions (F) and (D), then 
the quotient /i _1 (0)/G inherits a smooth, non- degenerate hypersymplec- 
tic structure. 

On the other hand, if the G-action fulfils conditions (F) and (S), 
then the smooth manifold / u _1 (0)/G inherits a non-degenerate hyper- 
symplectic structure only if condition (D) is satisfied. 

Proof. Hitchin's results provide a non-degenerate hypersymplectic struc- 
ture provided /i~ 1 (0)/G is a smooth manifold and (D) holds: the sym- 
plectic form uj'j on the quotient is defined by the equation n*uj'j = 
where ir is projection from /i _1 (0) to the quotient. Thus for the first 
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part of the Theorem we only need to consider condition (S) of Defini- 
tion 0~21 

Suppose IX 1 + SX 2 + TX 3 = at p G ^~\0). Then, for each Y G Q p 
we have 

g(X 1 , Y) = g{IX u IY) = g(IX 1 + SX 2 + TX 3 , IY) = 

at p. Thus by condition (D), Xi = 0. Similarly, X 2 = = X 3 and 
condition (S) holds. 

For the second part, if condition (D) fails, then there is a p G Ai~ 1 (0) 
such that V := (Q fl ^ _L ) P is non-zero. Suppose u'j is non-degenerate. 
Then ker i*ui = kein^u'j = Q. Equation (|4.2I) gives that SV and TV 
are subspaces of Q . However, SV is contained in SQ which is orthogonal 
to Q. Hence, V is invariant under S and T and hence under / = ST. 
Taking X\ = IX, X 2 = SX , X 3 = for some non-zero X in V , we 
see that condition (S) is violated. Thus if the quotient geometry is 
non-degenerate and (S) holds, then (D) must hold too. □ 

As simple case of the above result is: 

Corollary 4.7. A hyper symplectic quotient by a free circle action with 
Killing field X is a smooth hypersymplectic manifold except at points 
where g{X,X) = 0. □ 

It will be useful, in the light of Corollary I4.7[ to have a formula for 
the length of the Killing field of a circle action on C d,d . If the action is 
given by 

(z k ,w k )^(e Wkt z k ,e Wkt w k ), 
then the associated vector field is 

(9 d d d 
X = iO k z k - h iO k w k - iO k z k — i9 k w kT —, 

^ dz k dw k dz k dw k 

giving 

d 

g(X,X) = Y,0l(\z k \ 2 ~\w k \ 2 ). (4.3) 

k=l 

We next investigate when the condition (S) of Definition 14.21 holds 
for general toric reductions of flat space. For three vector fields Xi, 
X 2j X 3 with coefficients 9% , i = 1,2,3, the equation (|4.1j) becomes 

6£ ) z k = (W < k 2) -9 { k 3) )w k , fovk = l,...,d, 



i (1) w k = -(i0f + 6 { k 3) )z kj for k = 1, . . . , d. 



'k 

For each /c, these equations have the form 

az = bw, aw = bz, 
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with a G K and b G C. We deduce that a 2 z = abw = \b\ 2 z, and 
similarly a 2 w = \b\ 2 w. So the system (|4.4j) has a solution if only if for 
each k, 



either (z k , w k ) = 0, 

or (£» = <> = «» =«£», 

or and =!(«£"+ tfjf" 

for some with \^ k \ = 1. 



We also discuss the question of degeneracy of the hypersymplectic 
structure. We know from Theorem 14.61 and the discussion leading up to 
equation ()4.3|) that degeneracy occurs if and only if the inner product 

q = diag(|z fc | 2 - \w k \ 2 ) d k=1 (4.6) 

is degenerate on u ^ R d at some point (z,w) G yu _1 (0). Equivalently, 
in the notation of at some point of /i _1 (0) there is ( G u\{0} such 
that q(C, •) G ker t* = im/3*. From (|3.3jl . this condition is equivalent to 
the existence of ( G n\{0} and sGl* such that 

Ck(\z k \ 2 - \w k \ 2 ) = (s,u k ) , for k = l,...,d. (4.7) 

In ^Hlwe shall refine both of these criteria. 



5. TORIC GEOMETRY OF THE QUOTIENT 

We shall now study some properties of the hypersymplectic quo- 
tient M of C d ' d by a compact Abelian group N C T d . This quotient 
carries an action of the torus T n = T d /N and we may consider the map 
<p: M -»• R 3n given by 

0: (z,w) i — ► (a, b), (5.1) 

where a and b are as in and (|3.6|h When M is smooth and 

hypersymplectic this is the moment map for the action of T n on M. 

A similar map is considered in the Kahler and hyperkahler cases |Gu[ 
BDJ. In the first case, the analogue of is a map M — > M. n with image 
the polyhedron defined by (|3.2jl . The map induces a homeomorphism 
of M/T n onto the polyhedron. 

In the hyperkahler case, one has a map onto the whole of IR 3 ™, and 
again a homeomorphism M/T n = M 3n . Essentially, this follows from 
the = {1} case, i.e., the fact that the moment map (z k ,w k ) \ — > 
(|(kfc| 2 — |wfc| 2 ), iz k w k ) for the hyperkahler action of T d on M d induces 
a homeomorphism from M. d /T d onto M 3d . 
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In our case, the image of <p is an interesting subset of IR 3 ™, but we 
no longer obtain a homeomorphism. Indeed the fibres of 4> may be 
disconnected. 

We introduce the following notation: 



for a G M n , b G C™, k = 



a k := (a,u k ) - \ k >, 
b k := (b,u k ) - X k , 
1, . . . , d and where 
Al c ) :=A( 2) + iA( 3) . 



(5.2) 



Proposition 5.1. The image of the moment map (ft, equation (15. 1J) . is 
the set 

K = { (a, 6) G R n x C n : a k > |6 fc | , for k = 1, . . . , d}. 

Moreover <f> induces a finite-to-one map <fi from M/T n onto K . The 
fibre of (f> over (a, b) has 2 m points, where m is the number of the 
inequalities in the definition of K which are strict for (a, b). 

Proof. By JHJ3) and (pTBjl . (z,w) is in /i _1 (0) C C d > d and satisfies 
(p(z, w) = (a, b) if and only if 

\z k \ 2 + \w k \ 2 = 2a k and z k w k = -ib k , 

for k — 1, . . . , d. The torus T d acts by (z k , w k ) i— > (e l£,fc Zfc, e iek w k ). On 
/ u _1 (0) we have that uniquely determines (z k ,w k ) up to the action 
of T d . Taking the absolute value of the second equation and using the 
first equation to eliminate \z k \ 2 , we get 



\w k \ = a k ± \ja k 2 - \b k \ . 

Thus there is a solution for |u?fc| only if a k ^ |6 fc |. There are two 
solutions if the inequality is strict, otherwise there is only one solution. 
The result follows. □ 

Remark 5.2. Taking d = 1 and N = {1} in the proof of the proposition, 
4> is the hypersymplectic moment map for the action of T 1 on C ' . One 
can see that the corresponding hypersymplectic quotient may be two 
points, a single point, or empty depending on the choice of level set. 
So we may get smooth quotient sets of different topology for different 
choices of level set, contrasting with the hyperkahler case. 

Proposition 5.3. The set K = <f>(M) is convex in M. 3n . 
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Proof. Using (|5.2j) . the set K is the intersection of sets 

K k = { (a, b) G W 1 x C n : a k > \b k \ }, k = l,..., d. 

However, K k is the preimage of the solid cone {(x,z) G RxC : x ^ |z| } 
under the affine map (a, 6) i— > (a k , b k ). Thus is convex, and it follows 
that K is convex too. □ 

Corollary 5.4. M is connected if and only if each inequality in the 
definition of K is an equality at some point of K. □ 

Theorem 5.5. The hypersymplectic quotient M = /i _1 (0)/A is com- 
pact if and only if the vectors ui, . . . ,Ud define a bounded polyhedron 
in R n . 

Proof. Suppose Ui,...,ua define a bounded polyhedron. As M = 
( / u7 1 (0) H (us + iA t T) _1 (0))/A^, it is enough to show compactness of 

a*7 x (o). 

If (z, w) G fij 1 (0), then the vector a of must live in the polyhe- 
dron {a : (a,u k ) ^ }, which is compact by hypothesis. Now 
gives us a bound on the \z k \ and \w k \ in terms of the u k and X k . 

Conversely, note that M is compact if and only if M/T n is compact, 
and hence if and only if K is compact. We may define a projection 
p: K — > C n by p(a, b) = b. The fibres of p are the polyhedra 

F b = {a eR n : (a,u k ) > + \b k \}. 

If M is compact then Fb is compact for each b G p(K). As F b is 
non-empty, this implies that U\,...,Ud define a bounded polyhedron 
as in Q). □ 

As promised in we now refine the criteria for smoothness and 
non-degeneracy of the hypersymplectic quotient M, in terms of the 
map (ft and the vectors u k . 

In order to consider smoothness of M, we need to discuss the orbit 
types of the actions of A on /x _1 (0) and the smoothness of /i _1 (0) itself. 
Let us begin with the orbit types. In the notation l|5.2jl . put 

V k := { (a, b) G R n x C n : a k = = b k }, (5.3) 

see Figure Q Note that (pI5J) and jHIEj) show that for (z,w) G // _1 (0) 

-Zfc = Wfc = if and only if (a, 6) = 0(z, w) G 14. 

Following |Gu] . if A is a subset of {1, . . . , d} we denote by the torus 
whose Lie algebra is 

R A = span R {e fc : k G A}. 
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Figure 5.1: The solid cone Kk when n = 1. 

We deduce that the stabiliser of (z, it;), for the T d action, is Tj, where 

J :={k:(f>{z,w) eV k }. (5.4) 

Proposition 5.6. For (z,w) G /i _1 (0): 

(i) StabjvtX u>) equals Tj R N, where Tj is the torus whose Lie 
algebra is spanned by the vectors tk for which <p(z, w) G Vk; 

(ii) On M, Stabir™ (-2, w) is the torus whose Lie algebra is spanned 
by the vectors Uk such that (f)(z,w) G 

Moreover, putting B x = (uk '■ x G Vk), 

(iii) Stabjv(z, w) is finite for all (z,w) G ^ _1 (0) if and only if for 
each x G </>(M). the collection of vectors B x is linearly indepen- 
dent, 

(iv) Stab7v(z, w) = 1 for all (z,w) G /j, _1 (0) if and only if for each 
x G 4>(M), the collection of vectors B x is contained in a Z-basis 
forZ n . 

Proof. Statements (i) and (ii) follow from the above discussion, while 
(iii) and (iv) follow from (i), (ii) and results of Delzant |De| and Guillemin |Gu| . 
as cited in the proof of Theorems 3.2 and 3.3 in [BDj. To see this, note 
that Vk is the affine flat Hk introduced in [BDj. □ 

Remark 5.7. The argument of Theorems 3.2 and 3.3 of [BDJ shows that 
if every n + 1 of the Vk have empty intersection, then the condition 
of (iii) holds and hence N acts locally freely on /i _1 (0). In particular, 
for any given collection of vectors Uk, the action will be locally free for 
generic choice of A. Hence, by Sard's theorem, M = /i _1 (0)/A^ will 
have at worst orbifold singularities for generic choice of A. 

Similarly, we see that if for each A C {1, . . . , d} of size n, the collec- 
tion (uk : k G A) is a Z-basis for Z n , then M = /i _1 (0)/A^ is a manifold 
for generic A. 
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To determine precise conditions for the smoothness of fi 1 (0), let 

W k := {(a,b) Gl" x C n : a k = \b k \}. 

A point (z,w) G /U _1 (0) has (f>(z,w) G W k if and only if \z k \ = \w k \. 
Note that V k C W k and that both sets may be empty for a given A;. 
Let J be as in (15.4ft above and put 

L:={£:(P(z,w)eWt}. 

Note that L contains J. 

Consider the equations (|4.5jl at (z,w) G /i -1 (0). For k G J, there is 
no restriction on 9^. For G V , the complement of L in {1, ... , d}, 
we require 0^ = 0, for i = 1,2, 3. For k e L \ J, we have £fc#^ = 
+ i0W)). For such jfc, we have \z k \ — \w k \ ^ 0, so is uniquely 
determined by 

Consider the map 



2 fc _ A 

Wfc \w k \ a k 



A( tt ,6): nv«(BxC)^C 1Vl 



(5.5) 



where n^j is the projection to WLj> of := nflM^. Alternatively, n^j 
is the kernel of the map - > i m (/?kj) induced by (3. 

Proposition 5.8. For a locally free action of N on /i _1 (0) ; the condi- 
tion (S) of Definition ^. 2\ for smoothness of the level set /i _1 (0) holds 
if and only if the linear map A( a ,b) of equation (15. 5 J) is injective at each 
point (a, b) of K. □ 



Remark 5.9. Over the combinatorial interior of K, 

d 

GhA(K) = K\{JW k , 

k=l 

the set L is empty, so -1 (CInt K) C M is always a smooth manifold. 
The combinatorial interior is equal to the topological interior if K k ^ 
W k , for all k. 

Remark 5.10. By Proposition 15.61 if the action of iV is locally free 
then is transverse to Mj and hence the orthogonal projection — > 
vil,j is injective. Thus the smoothness condition will necessarily fail 
if 3dimn£ > 2\L\J\. Since dinin^ ^ \L\ — n, we conclude that 
smoothness requires \L\ ^ 3n, i.e., no more than 3n of the W k s may 
meet in K. 
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Finally, let us consider non-degeneracy of the hypersymplectic struc- 
ture. 

Proposition 5.11. The non-degeneracy condition (D) of Definition ^. 5| 
fails at some point (z,w) G /i -1 (0) with (j)(z,w) = (a,b) if and only if 
there exist scalar s Ci> • • • > Cdj no ^ a ^ zero, and s G W 1 such that 

Kk 2 («fe 2 - \h\ 2 ) = (s,u k ) 2 , fork = l,...,d (5.6) 

and 

d 

J2CkU k = 0. (5.7) 

fc=i 

Proof. This is immediate from the the discussion at the end of equa- 
tion ()4.7p . the definition of n as ker /3, and the proof of Proposition EH] 
which expresses \zk\ and \wk\ in terms of a and b. □ 

Remark 5.12. Consider the special case when s — 0. The expression 
dk 2 ~ |frfc| 2 is zero on W&. Suppose Ac {1, . . . , d} has n + 1 elements. 
Then («& : G A) is linearly dependent, so we may find (£i, . . . , Q) G 
Ma\{0} satisfying l[5~Tj) . If 

then we then obtain a solution to the remaining equations (|5.6|h Thus 
if n+1 of the WVs meet in K, then condition (D) necessarily fails. This 
is a considerably stronger restriction than that obtained for smooth- 
ness in Remark 15 . 1 0| and as we will see in one may easily obtain 
smooth quotients with hypersymplectic structures that degenerate on 
some hypersurface. 

Theorem 5.13. Let <f> be the moment map for the action ofT n on the 
hypersymplectic quotient M = /i~ 1 (0)/A^. Suppose the combinatorial 
interior Clnt(K) of the image K of (f) is non-empty. Then an open 
subset of M carries a smooth non- degenerate hypersymplectic structure. 

When M is compact, the degeneracy locus is non-empty of codimen- 
sion at least one. 

Non-trivial examples of quotients with empty degeneracy locus will 
be given in ^3 

Proof. We have already noted that M is smooth over Clnt(-fr). For 
(a, b) G Clnt(ii'), we have a\ ^ |5fc| 2 for all k. Equations ()5.6|) may be 
thus be solved for (k and equation (|5.7|) becomes 

d 

H(s, w) : = w k (s, u k ) u k = 0, 

k=l 
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with w = (u>i, . . . ,w d ), w k = l/(2e k yja k 2 - \b k \ 2 ), e k = ±1 and s ^ 0. 
Now H: RixR 2 — > R n , where Ri = R n \{0} and R 2 is an n-dimensional 
manifold contained in the complement of the coordinate axes in R d , has 
differential DH( StW )(q, v) = J2t=i ( w kS + v k s, u k ) u k which has rank n 
when w k ^ for all k. Thus if _1 (0) is a submanifold of R\ x R 2 c 
R n x R d of dimension n. But if (s,w) lies in iJ _1 (0) then so does 
(As, w) for A G IR \ 0. So the projection of if -1 (0) to the second factor 
i?2, has dimension at most n — 1, i.e., the degeneracy locus is at least 
codimension one. 

Now suppose that M is compact. Consider the map p: K — » C n 
of Theorem 15.51 and its fibres F b . Note that when the interior Int F fe 
is non-empty we have IntF fe = {a G M n : a k > \b k \}. As this is 
an open condition on 6, we see that p(IntF b ) C lnt(p(Kj). Fix 6 on 
the boundary of p(K). Then F b is a compact polytope in R n with 
empty interior. Let v be a vertex of that polytope. Then v is at the 
intersection of at least n hyperplanes a k = \b k \. However, if only n 
hyperplanes meet, then we can find interior points of Fb close to v. 
Thus n + 1 hyperplanes meet in v. This is the same as saying that 
(v , b) lies on n + 1 of the W k . By Remark I5.12[ this implies that the 
hypersymplectic structure is degenerate at (v,b). □ 

We shall next relate our quotients to toric varieties. We first prove 
a lemma. 

Lemma 5.14. Let 5: T d -> T d x T d = T 2d be the diagonal map, and 
let N be a compact Abelian subgroup ofT d . 

If N ^ T d is defined by a collection of vectors in W 1 defining a 
bounded polyhedron, then S(N) ^ T 2d is defined by a collection of vec- 
tors in M. n+d defining a bounded polyhedron. 

Proof. We have an exact sequence 

— ► 6*(n) R d © R d = R 2d -i R n+d — > 0, 

for some map (3. It is straightforward to check that <5*(n) = { (v,v) : 
v G n } is the kernel of the map defined by 



e k i — > u k :-- 




if k > d. 



So we can take this map to be /?, and hence 5*(n) is defined by vectors 
ui, . . .,U 2 d- 
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Consider the polyhedron { s G R n+d : (s,u k ) ^ c k , k = 1, . . . , 2d }. 
The defining inequalities may be written as 

(si,Uk) + (s 2 , e k+d ) ^ c fc , for k = 1, ... , d, 
(s 2 , -e fc +d) ^ c fc +d, for A; = 1, . . . , d, 

where s = s\ + s 2 , si G M n and s 2 G span{ed+i, . . . , e 2d }. We see that 
(si, Uk) ^ Cfc + Cfc+d, for A; = 1, . . . , d. As u±, . . . , Ud define a bounded 
polyhedron by hypothesis, we get a bound on s\, and hence, from 

Cfc - (si,u k ) ^ (s 2 ,e k+d ) ^ -c k+d 

a bound on s 2 . □ 

Now, observe that fij is just the moment map m for the Kahler action 
of S(N) on C 2d . (Here C 2d has the standard complex structure J , not 
the hypersymplectic complex structure I, as remarked in 0. 

The construction of Guillemin and Delzant now gives: 

Theorem 5.15. M is the sub-variety 

Us + i/iT = 

in the toric variety m~ 1 (0)/S(N). If the vectors u k define a bounded 
polyhedron, then by Lemma \5. 1J\ this toric variety is compact. □ 

Remark 5.16. Note that fis + Wr, although J-holomorphic, is not holo- 
morphic with respect to the complex structure on this toric variety, 
which is induced from I . 

We conclude by discussing two actions that can occur on M for 
special choices of A. 

Remark 5.17. If we take = for all j, k, then (0, 0) G /U _1 (0) and is a 
fixed point of N, giving a singular point in the quotient M = /i~ 1 (0)/A^. 
In fact it follows from (JUJ), (JHHJ) with \f ] = that we have a scaling 
action (z,w) h- > (t.z,t.w), for t G M* on /i _1 (0) which descends to the 
quotient, so that M is a cone with vertex at (0, 0). 

Remark 5.18. Harada and Proudfoot |HPj have observed that in the 

(2) (3) 

hyperkahler case, if we take A^ + iX k = for all k, then the quotient 
M admits a circle action 

(z, w) i — ► (z, e^w). 

This action is holomorphic with respect to I but not with respect to J 
or K. 

This action does not occur for the Kahler quotients of |Gu[IDe| . How- 
ever we observe that it does exist for our hypersymplectic quotients, 
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provided we take X k + i\ k = as above. The action is compatible 
with / but not with S or T. 

Note also that under this condition on A, the hypersymplectic quo- 
tient contains two distinguished subvarieties, defined by the vanishing 
of z and w respectively. Each of these may be identified with a Kahler 
quotient of C d by N, and hence with a toric variety. 

The locus w = lies in the fixed point set of the circle action. As M 
is a quotient, we may in addition have other components of the fixed 
point set. We find, as in the hyperkahler case, that the fixed point 
set in general is a union of toric varieties which may be enumerated in 
terms of conditions on the vectors u k . 

6. Involutions 

In the Kahler case studied by Guillemin and Delzant, the moment 
map jj, : C d i— > n* is invariant under the involution of C d given by com- 
plex conjugation. In fact, conjugation induces an involution 7 of the 
quotient M = fi~ l (0)/N. Moreover the fixed point set of complex con- 
jugation in /i _1 (0) is a cover of the fixed point set of 7 in M. The group 
of deck transformations is the finite group T of involutions in N. 

In the hyperkahler situation there appears to be no such involution 
in general. 

In our hypersymplectic case, however, we do have an involution. 
Explicitly, the map a: C d ' d 1— > C d ' d given by 

a: (z k ,w k ) i-> (w k ,z k ) 

preserves /x _1 (0), and sends iV-orbits to iV-orbits. (It does not commute 
with the action, but we have a(g-(z, w)) = g^ 1 -cr(z, w), which suffices). 

It follows that a induces an involution a on the hypersymplectic 
quotient M = /z -1 (0)/iV. Let us denote by /i _1 (0) CT and M& the fixed 
point sets of the involutions in /i -1 (0) and M respectively. 

Theorem 6.1. The natural projection ir: /i _1 (0) — > M induces a sur- 
jection 

If N acts freely on /x _1 (0) this map is a cover whose group of deck 
transformations is the finite group 

T = {h G N : h 2 = 1}. 

Proof. Observe first that (z,w) G Ai _1 (0) represents a point in if 
and only if there exists g G N with w = g~ x z = ~gz. Now if h G N 
satisfies ti 2 = g, then 

h • (z,w) — h • (z, ~gz) = (hz, h~ l gz) = (hz, hz) 
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so (z,w) represents the same point in M as does (hz,hz) G / u _1 (0) t7 . 
This proves the surjectivity assertion. 

Next, suppose that two points (z, z) and (u, u) in /i _1 (0) CT are related 
by the action of g G N . We need, for each k, 

Zk = e l9k Uk and Zk = e 1 k Uk 

for some e l9k G T 1 . Hence either e l0k is an order two element in T 1 or 
Zk = Uk = 0. We deduce that g 2 eTjHN where J is the set of indices 
for which Zk = 0. 

If N acts freely on /i _1 (0) then Tj fl N is trivial by Proposition 15.61 
The remaining assertions now follow easily. □ 

Proposition 6.2. The symplectic forms ooi,oos and lot all vanish when 
restricted to 

Proof. The involution a pulls back ui, uis and uit to their negatives. □ 

Remark 6.3. Non-degenerate hypersymplectic manifolds with multi- 
Lagrangian subsets have recently appeared in | FPPW| . There hyper- 
symplectic structures arise on T 2n -fibrations over a T 2n base, and the 
fibres are multi-Lagrangian. 

In contrast, we have: 

Proposition 6.4. The fixed point set Mq is non-empty only if 

d 
k=l 

The non-degeneracy statement (D), Definition ^- S[ is not satisfied on 
TM\m & - In particular, if the action satisfies conditions (F) and (S) 
of Definitions \j.f\ and \4-S[ then M is smooth but the hypersymplectic 
structure is degenerate over . 

Proof. If (z,w) G /U _1 (0) is a fixed point for a, then \z k \ = \iVk\ for 
k — 1, . . . , d. This is the condition that <p(z, w) G Wk for k = 1, . . . , d 
and the assertion follows. 

When \zk\ = \wk \ for all k, the quadratic form ()4.6jl is identically zero. 
Thus condition (D) fails. The final statement follows from Theorems 
OlandllH □ 

7. Examples 

7.1. The diagonal circle action. Let us take d — n + 1, and take 
u k = e k , for k = 1, . . . ,n, 
u n +i = -(ei H h e n ) 
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so the vectors u k define the standard simplex in R n . Now iV is the 
standard diagonal circle in T n+1 . The corresponding toric hyperkahler 
manifold is the Calabi space T*CP(n). 

In the hypersymplectic case M = /i _1 (0)/iV is the quotient of the 
subset of C n+1,n+1 cut out by the equations 

n+1 n+1 

$>| 2 + K| 2 = -2$>« 

k=l k=l 
n+1 n+1 

^^ fc = -i^(Ai 2) +iAl 3) ), 

k=l k=l 

by the action 

Zk 1 — > e ld z k , w k i — ► e ld w k . 

Using Theorem 15.151 this may be identified with a hypersurface in 
fl j\0)/N = CP 2n+1 . 
Note that the action 

(z,w)\ — >(Az,Aw), for A eU (n+1) 

preserves the level set of /x _1 (0) and commutes with the action of N, 
so defines an effective PU(n + 1) action on M. 

The stabiliser of (z, w) is P(U(1) x U{n)) if z, w are linearly depen- 
dent, and P(U(1) x U{n — 1)) otherwise: the PU{n + 1) action on M 
is therefore cohomogeneity one. 

Let us write 

n+1 n+1 
k=l k=l 

A necessary condition for M to be nonempty is \Q\ ^ \P 

The vector field X for the action of N takes the value (iz, iw) at the 
point (z, w). From 21 we see that IX, SX, TX are linearly independent 
unless w = Xz for a complex number A of unit modulus. It is easy 
to check that such a point (z,w) cannot lie in /^(O) except in the 
special case \Q\ = Ip. We deduce that M is a smooth manifold unless 

IQI = \P- 

The hypersymplectic structure on M will degenerate at some points, 
however. Observe that the point (z,w), where 
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and 



n+l i^.|2 



£ki 2 = |p- 



k=2 2 1 

lies in ^^(O) when this set is nonempty. Moreover, from 1)4 .3jl . we 
have that the Killing field for the circle N is null at (z,w). Hence the 
hypersymplectic structure degenerates at this point. 
If we take Q = then we have a circle action 

(z, w) t— > (z, e^w) 

as discussed in Remark 15.181 The fixed point set of this action in 
M = /i _1 (0)/iV is the union of the loci z = and w = 0. These are 
both diffeomorphic to CP™, and are the special orbits of the PU(n + 1) 
action in this case. 

7.2. Codimension-one subgroups. Take n — 1, and first consider 
u k = ei, for k = 1, . . . , d, 

so 

d d 

n = |^ a k e k : ^ a k = j 
fc=i fc=i 

and N is the torus T d_1 = {(t u ...,t d ) : t x t 2 . . . t d = 1} in T d . The 
Gibbons-Hawking multi-instanton metrics are obtained as hyperkahler 
quotients of M. d by N. 

We obtain, analogously, 4-dimensional hypersymplectic quotients of 
C d,d by N, with an action of the circle group T d /N. Like the multi- 
instanton spaces, these hypersymplectic spaces are non-compact, as 
can by seen from Theorem 15.51 

Note that the sets V k of 1)5.3)1 are now just the d points 

Vk = {(\ i k 1 \\ k 2 \\ k 3) )}, hvk=l,...,d. 

Proposition 15.61 (iv) shows that iV acts freely on /U _1 (0) provided that 
these d points are distinct (as in the hyperkahler case). 

The set K = 4>(M) in Proposition 15.11 is the intersection of the d 
cones 

{(a,6)GMxC:a-Al 1) ^|6-(Ai 2) +iAt 3) )|} 

with vertices at (A^\ X k , Ajj. ), for k — 1, . . . , d. All these cones have 
the same angle and parallel axes. 

The fixed points of the circle action correspond, from Proposition l5.6n iV 
to the preimages under of those points (X k , X k , X h ) which lie in 
the intersection of the cones. 
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We deduce that different configurations of the cones may give a zero 
or non-zero number of fixed points. This gives an example of different 
choices of level set giving quotient sets which are inequivalent as T n - 
manifolds. 

By contrast, in the hyperkahler case, <f>(M) is the whole of R 3 , and 
we always get d fixed points for the circle action (provided that the 
points H k = V k are distinct). 

Let us now consider what may happen for arbitrary choices of u k 
when n—1 and d is small. 

Example 7.1. Consider n — d—1. This case is relatively trivial as the 
group N is discrete. However, it illustrates a number of features of our 
constructions. 

The map (3 is defined by a single U\ G Z\ {0}, which we may take to 
be positive. The image of the moment map is the solid cone K — K\ 
consisting of (a, b) GRxC such that a — x[ /u\ ^ \b — \ fi/ui\, as 
in Figure l5~Tl The vertex V k is the point (X[ x ' /ui,a[ /v>\). The Ab- 
action is free only if ui = 1, in which case iV={l}. As n = {0}, the 
maps A( Q) 6) (|5.5jl are injective, so the quotient is indeed smooth when 
ui = 1. The equation (15. 7j) implies £i = 0, confirming that the quotient 
geometry is non-degenerate. 

In the case u\ = 1, the induced map 0: C 1,1 /T 1 — > K = K\ is 2-to-l, 
branched over dK = W x . Each disc D(r) = {(a, b) e K : a = r + aS 1} } 
is the image of a two-sphere S 2 (r) in C 1 ' 1 /T 1 = M 3 , and this sphere 
in turn is the quotient of the three-sphere S 3 (2r) = {\z\ 2 + \w\ 2 = 2r} 
in C 1 ' 1 . The map S 2 (r) — > D(r) may be thought of as orthogonal 
projection to the equatorial plane, whereas the map S 3 (2r) — > S 2 (r) is 
the Hopf fibration. 

Example 7.2. If n — 1 and d = 2 we are considering hypersymplectic 
quotients of C 2,2 by a one-dimensional Abelian group and the result 
is a four-dimensional hypersymplectic manifold M with ^-symmetry. 
The map (3 defining A^ is determined by Ui,u 2 G Z not both zero. 
Without loss of generality we may take ui > 0. Let us restrict to the 
non-degenerate case where u 2 is also non-zero. The moment map 
on M has image K = K\ D K 2 , where are solid cones in 1 x C 
with vertices Vk = (\ k , X k ° ) := (A^ /u k , X k /uk). The quotient M is 
compact if and only if u\ > > u 2 . 

Let us successively consider the conditions (F), (S) and (D) of Sjl] for 
these quotients. 

For the freeness condition (F) of Definition ^. 1[ Proposition l5.6l forces 
V\ 7^ V 2 and imposes the restriction that u k = ±1 if the vertex V k 
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K = K 2 



K 




(a) ui > u 2 = 1, V 2 G Intifi 



(b) ui,u 2 >0, Vaglfi 




(c) Ui = 1 



u 2 ,V 2 e Intifi 



Figure 7.1: Configurations giving smooth quotients from non- 
degenerate S" 1 - and S 1 x Z/m-actions on C 2 ' 2 . 

lies in K. Allowable cone configurations include the three given in 
Figure O <f7~TaT) has u x > 0, u 2 = 1 and N = S 1 ; (f7~Th|) . ux,u 2 > 
and N = S 1 x Z/ gcd(tti, U2); l|7.1c|> . «i = 1, u 2 = —1. Other allowable 
configurations have V2 € Wi \ V\. 

Turning to the smoothness condition (S) of Definition I4.2| assume 
that the iV-action is free. By Remark 15.101 smoothness fails if V 2 lies 
in Wi, since at V 2 we then have L = {1,2}, J = {2} and = n 
has dimension 1. Thus the configurations of Figure ED are the only 
candidates for smooth quotients. For Figure I7.1a| there is no more 
to check as = {0} at all points of K. For Figures I7.1bl and 17. lcl 
we need to consider points (a, b) G W\ fl W 2 . Here L = {1,2} and 
J = 0, so n L ,j = n L = n = R and the map A (aj6 ) : n®(R x C) -> C 2 
in equation (I5.5B is 



where a^ui + X2M2 — 0. This is not injective if and only if b\ja\ = 



_0(c)/0(i) = &2 / a2 for some (0(i) ; 0( C )). On a fc = |6 fc |, so 6 fc /a fc = 



e ll ^ fe . Looking from above, we have Figures l7.2al and l7.2bl One sees that 
the quotient is smooth when we have Wj for k 7^ j. Thus the three 
configurations of Figure l7~T1 give smooth four-dimensional manifolds. 

Finally, we turn to the non-degeneracy of the hypersymplectic struc- 
ture as guaranteed by condition (D) of Definition l4.5[ when the quotient 
is smooth satisfying conditions (F) and (S). Remark T5 . 1 21 shows that for 
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(a) ui,«2 > (b) u\ > > ii2 



Figure 7.2: Level sets a constant through K\ and K 2 showing 
the angles (p k for a point p = (a, b) £ W\ n W 2 . The points 
are the orthogonal projections to this plane of the vertices V k . 



(D) to hold we must have W\ Pi W 2 = 0. This only occurs when u 2 = 1 
and V 2 G Inti^i, as in Figure l7~Tal Thus the other two configurations 
give smooth manifolds with a hypersymplectic structure that degener- 
ates along some hypersurface. Indeed in these two cases the fixed point 
set of the involution a of SjHlis non-empty and Proposition 16.41 applies. 

For u 2 = 1 and V2 G Int K\ we need to consider Proposition 15.111 in 
detail. Put = a^/uk = a — \£\ bk = bk/uk = b — A^. and 

fk(a,b) = a\ - \b k \ 2 . 

Then fk ^ on K k with equality on W k - Equations (I5.6jl and (|5.7I) are 
now 

d 2 /i = \s 2 = Clh, (7.1) 
Ci«i + C2M2 = 0, (7.2) 

for some s6l. In K = K 2l we have /1 > f 2 , since this holds on W 2 
and /1 — f 2 is an increasing linear function of a. Fixing 6, we have 
lim a _ >00 (/ 2 //i)(a, 6) = 1, so f 2 / fi takes all values in [0,1) in K. Now 
(17.11) implies C1/C2 = hi hi whereas (17.21) gives C1/C2 = ~ since 
u 2 = 1. We conclude that the hypersymplectic structure on this quo- 
tient is non-degenerate if and only if u\ = 1. 

Topologically, the quotient M from u\ = u 2 = 1 and V2 G IntKi, 
is non-compact with two connected components interchanged by the 
involution a of On each component, a is a Morse function with 
a single critical point of index 0. Topologically and smoothly each 
component of M is M 4 . The hypersymplectic structure is not in general 
flat. 
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To see this, consider the case where Ax = = , so the quotient 
carries the Harada-Proudfoot circle action of Remark 15.181 The fixed- 
point set has, as one component, the image of Wx = = w 2 . This 
is totally geodesic in M with metric h obtained from the quotient of 
the set { \z\\ 2 — \z2\ = c\ = Ax + A 2 } m ^ 2 ^ ne i some tric circle 
action (21,-22) 1— > (e Zi,e z%). For the case C\ = 1, writing z\ = 
VTT^e ie and z 2 = re^~ e \ we get h = ^^dr 2 + ^g±^# 2 , which 
has curvature — l/(2r 2 + l) 3 . 

7.3. Another circle action. Let us modify the action of i )7.1| so d — 

n + 1 and 

u k = e k , for k = 1, . . . ,n, 
u n +i = e\ H h e n . 

Take Aj? = for % = 1, 2, 3 and Jfe = 1, . . . , n. Put A^ = -A < and 
^n+x = 0- Then if a = (a(i), . . . , 0( n )) G E n , etc., we have 

i^ = {(a,&) GM n xC n :a (fc) ^ |6 (fc) |}, for k = 1, . . . , n, 

{n n 
(a, 6) 6K"xC": A + ^a (fc) ^ £& (fc) 
fc=i fc=i 

We see immediately that K is the intersection of just K\, . . . , K n and 
that W n+ x does not meet K. As Vi D. . .DV n lies in K and {ex, . . . , e n } is 
a Z-basis for Z n , Proposition 15.61 implies that the action of the circle N 
is free on /z _1 (0). For smoothness, note that the index sets L and J are 
both subsets of {l,...,n}. However, tl{x,...,n} = {0} since the restric- 
tion of (3 to R{i,... jn } = W 1 — ► M n is the just the identity map. Propo- 
sition EIH1 implies that the hypersymplectic quotient M = /i~ 1 (0)/A r is 
thus smooth. Topologically and smoothly it has two connected com- 
ponents which are copies of M. 4n . These components are interchanged 
by the involution a. 

That the quotient has a non-degenerate hypersymplectic structure 
may be seen as follows. Using (|5.7I) . we have Ci = ' ' ' = Cn = C an d 
( n+ x = —(■ Putting s = s/2( the system (I5.fi J) becomes 

a \k) = \ h {k)\ 2 + s 2 k , for k= l,...,n, 
(a (1 ) H h 0( n ) + A) 2 = H h & (ri ,)| 2 + (s (1) H h s (n) ) 2 . 

Using the triangle inequality, the first n-equations imply that the left- 
hand side of the last equation is strictly greater than the right-hand 
side for A > 0. So there is no solution to the degeneracy equations and 
we obtain a smooth non-degenerate hypersymplectic structure on two 
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copies of M. 4n . The computations of the previous section show that this 
metric is not flat. 
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